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ON THE DEGREES OF IRREDUCIBLE REPRESENTATIONS OF
HOPF ALGEBRAS
MARTIN LORENZ
Abstract. Let H denote a semisimple Hopf algebra over an algebraically closed
field k of characteristic 0. We show that the degree of any irreducible representation
of H whose character belongs to the center of H∗ must be a divisor of dimk H .
1. Introduction
Let H denote a semisimple Hopf algebra over an algebraically closed field k of
characteristic 0. According to a famous conjecture of Kaplansky [K], the degrees of
the irreducible representations of H are expected to be divisors of dimkH. This has
been confirmed under the additional hypothesis that H is quasi-triangular [EG]; see
[S1] for an elegant new proof.
In this note, we show by a very simple argument that the desired divisibility relation
dimH
dimV ∈ Z also holds for any irreducible H-module V whose character χV belongs to
the center Z(H∗) of H∗. Here, as usual, the character of V is the linear form χV ∈ H
∗
that is defined by χV (h) = traceV/k(hV ), where hV ∈ Endk(V ) is given by the action
of h ∈ H. Thus:
Proposition. Let H denote a semisimple Hopf algebra over an algebraically closed
field k of characteristic 0. Then dimk V divides dimkH for any irreducible H-module
V such that χV ∈ Z(H
∗).
The work presented here was inspired by Y. Sommerha¨user’s lecture “On central
character rings”, delivered during the MSRI-workshop on Hopf algebras in October
1999.
The above notations will remain in effect throughout. In addition, Irr(H) will denote
a fixed representative set of the isomorphism classes of irreducible (left) H-modules
and C(H) is the character algebra, that is, the k-span in H∗ of all characters χV of
H-modules V . In general, our notation for Hopf algebras follows [Mo].
2. Some Preliminaries
Our hypotheses entail that the dual Hopf algebra H∗ is semisimple as well; see [Mo].
Recall that H acts on H∗ via 〈hϕ, h′〉 = 〈ϕ, h′h〉 for h, h′ ∈ H and ϕ ∈ H∗. Dually, H∗
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acts on H. Some particulars of these actions are explained in the following standard
lemma originally due to Masuoka [M]; see also [S2, p. 44].
We let λ ∈ H∗ denote the integral with 〈λ, 1〉 = 1 and Λ ∈ H the integral with
〈λ,Λ〉 = 1; cf. [S2, p. 26]. Moreover, S
∗ denotes the antipode of H∗.
Lemma. Let V ∈ Irr(H) and let eV ∈ Z(H) denote the corresponding centrally prim-
itive idempotent of H, acting as IdV on V and as 0W on all W ∈ Irr(H) \ {V }.
Then
dimH
dimV eV = (S
∗χV )Λ and
dimH
dimV eV λ = χV .
Proof. The first formula is Corollary 4.6 in [S2] and the second one is established in
the proof of [M, Lemma (b)]; cf. also [S2, proof of Proposition 4.5].
Corollary. For every idempotent δ = δ2 ∈ Z(H∗), the element δΛ ∈ C(H∗) ⊆ H is a
character of some H∗-module.
Proof. We will apply the Lemma with the roles of H and H∗ interchanged. Since
〈ε,Λ〉 = dimH holds for the counit ε = 1H∗ (e.g., [S2, Prop. 3.4]), this requires
replacing Λ by Λ′ = 1dimHΛ.
First assume that δ = δM is the centrally primitive idempotent of H
∗ corresponding
to some irreducible H∗-moduleM . Then, by the Lemma, dimH
∗
dimM δMΛ
′ = χM ∈ C(H
∗).
Thus,
δMΛ = (dimM)χM = χMdimM .
In general, δ =
∑
M δM for certain irreducible H
∗-modules M , and so δΛ = χN for
the H∗-module N = ⊕MM
dimM .
3. The Proof
We are now ready to give the proof of the Proposition. So let V ∈ Irr(H) be given
with χV ∈ Z(H
∗). Our goal is to show that dimHdimV ∈ O, where O denotes the ring of
algebraic integers in k. Since dimHdimV eV = (S
∗χV )Λ, by the Lemma, it suffices to show
that (S∗χV )Λ is integral over Z.
To this end, let δ1, . . . , δr be the distinct primitive idempotents of Z(H
∗) and let
fi : Z(H
∗) → k denote the corresponding characters; so ζ =
∑
i fi(ζ)δi holds for all
ζ ∈ Z(H∗). In particular, since S∗χV ∈ Z(H
∗), we have
(S∗χV )Λ =
∑
i
fi(S
∗χV )δiΛ .
By the Corollary, each δiΛ is the character of some (irreducible) H
∗-module; so δiΛ
belongs to the Grothendieck ring G0(H
∗) =
⊕
M∈Irr(H∗) ZχM ⊆ C(H
∗). Every el-
ement of G0(H
∗) satisfies a monic polynomial over Z. Analogously, the character
S∗χV = χV ∗ ∈ G0(H) satisfies a monic polynomial over Z, and so fi(S
∗χV ) ∈ O holds
for all i. Consequently,
(S∗χV )Λ ∈ G0(H
∗)⊗O ⊆ C(H∗) ,
which entails that (S∗χV )Λ is integral over Z, as desired.
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4. Concluding Remarks
Let ( . )cl denote the set of elements in the ring in question that are integral over Z;
e.g.,
Z(H)cl =
⊕
V ∈Irr(H)
OeV .
Consider the isomorphism f : H∗
∼
−→ H, f(ϕ) = ϕΛ. By the Lemma, f restricts to
isomorphisms C(H)
∼
−→ Z(H) and Z(H∗)
∼
−→ C(H∗). The essence of the above proof
is that, in fact,
Z(H∗)cl
f
−→ G0(H
∗)⊗O ⊆ C(H∗)cl ,
while Kaplansky’s conjecture is equivalent with
G0(H)
f
−→ Z(H)cl .
It is tempting to try and consolidate the Etingof-Gelaki result for quasi-triangular
Hopf algebras and our Proposition by at least showing that f maps the center of
G0(H) to Z(H)
cl.
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